The status of exotic baryons is analyzed in the context of the 1/Ncexpansion. An exactly solvable toy model reproducing the main symmetries of QCD is studied in order to clarify the recent controversy concerning the consistency of various approaches to the 1/Nc-expansion for exotic baryons.
Introduction
The recent discovery [1, 2, 3, 4, 5] of the Θ + baryon with the mass of 1540 MeV close to the values predicted in Refs. [6, 7] has led to a considerable excitement in hadronic physics. One of the main ingredients involved in the prediction of Θ + [6, 7] is the 1/N c -expansion. In spite of the numerical agreement between the theoretical prediction of Refs. [6, 7] and the experimental data, recently certain doubts have been expressed in Refs. [8, 9, 10, 11] concerning the consistency of the methods used in Refs. [6, 7] with the systematic 1/N c -expansion.
The analysis of Refs. [6, 7] is based on the effective rigid-rotator Hamiltonian. In the chiral limit this Hamiltonian has the simple form
where J a are generators of the SU (3) group and the "moments of inertia" I k have the large-N c behavior
In Ref. [12] this effective Hamiltonian was applied to the classification of nonexotic and exotic baryonic states in the large-N c limit. For low-lying nonexotic states the rigid-rotator model leads to the well known O(N (1) is compatible with the systematic 1/N c -expansion in the exotic sector. In particular, the authors of Refs. [8, 9, 10, 11] argued that the rigid-rotator approach to the exotic sector is inconsistent with the systematic 1/N c -expansion.
In this paper we describe an exactly solvable toy model which reproduces many properties of QCD, including the large-N c counting for baryons. In the context of this model, one can derive the rigid-rotator Hamiltonian (1) at the naive heuristic level.
The spectrum of the rigid-rotator Hamiltonian (1) contains exotic baryonic states. However, these exotic states are absent in the exact solution of model. Although the absence of the exotic states in the exact solution is an artefact of the toy model, this result shows that the eigenstates of the naive rotator Hamiltonian (1) are not automatically present in the spectrum of the underlying Hamiltonian.
We also compare the spectrum of the low-lying nonexotic O(N −1 c ) excitations computed in the rigid-rotator approximation with the exact solution. Although the rigid-rotator approximation predicts the correct J(J + 1) dependence of the excitation energy on the spin J, the rigid-rotator approximation for the coefficient accompanying J(J +1) differs from the result based on the systematic 1/N c -expansion.
Thus the toy model studied in this paper is a good illustration of the problems of the rigid-rotator approximation. The toy model also gives a good opportunity to show how the systematic 1/N c expansion can be constructed up to the NNL order. Performing an explicit calculation we demonstrate the complete agreement between the 1/N c -expansion and the exact solution for the spectrum of the model.
The structure of the paper is as follows. In Section 2, a brief description of the spectrum of the rigid-rotator Hamiltonian is given. In Section 3 we introduce the toy model, its exact solution is described in Section 4. In Section 5 we construct the 1/N c -expansion for the energy spectrum of the toy model in the leading and next-to-leading order. The spectrum in NNL order is studied in Section 6. The discrepancy between the rigid-rotator model and the systematic 1/N c -expansion is discussed in Section 7.
Rigid-rotator approximation
The effective Hamiltonian (1) acts in the space of the wave functions ψ(R) depending on the SU (3) matrices R. Operators J a are generators of the right
The components J 1,2,3 are directly interpreted as spin operators, whereas the spectrum of the component J 8 is constrained by the following condition
where B is the baryon charge.
The left rotations with generators T a
are interpreted as SU (3) fl flavor transformations.
In the space of the rigid-rotator wave functions ψ(R) one has the identity
which means that generators J a and T a belong to the same (more precisely, to complex conjugate) representation of SU (3). In terms of the standard (p, q) nomenclature of the irreducible SU (3) representations we have
Together with the J 8 constraint (4) this leads to the well known problem of the 1/N c -expansion for the baryonic states in the case of the SU (3) fl flavor group: in the large-N c limit all traditional (octet, decuplet,...) and exotic (antidecuplet,...) representations of SU (3) fl are lost. Instead, one has to work with the large-N c (p, q) representations [13] imitating octet, decuplet, antidecuplet etc. The condition (4) leads to the following constraint on the allowed (p, q)
In particular, the large-N c analogs of the main SU (3) fl multiplets are 1) octet:
The eigenvalues of the effective Hamiltonian H rot corresponding to the SU (3) fl representation (p, q) and to the spin J (for B = 1 states) are
Following Ref. [12] , one can define the "exoticness" parameter (in order to avoid the confusion with the energy we replace notation E, used in Ref. [12] , by ξ)
running over the nonnegative integer values ξ = 0, 1, 2, . . . The spin J is given by
In terms of the ξ, J parametrization, the spectrum of the Hamiltonian H rot (1) is
This expression shows that the low-lying states have ξ = 0. The splitting between the ξ = 0 nonexotic states
is controlled by the term J(J + 1) 2I 1 (14) and has the order O(N 
Toy model
We want to study a toy quantum mechanical model imitating the SU (N c ) color ⊗ SU (2) spin ⊗ SU (3) fl symmetry of QCD. The Hamiltonian of this model is a generalization of the Lipkin-Meshkov-Glick model [14] :
Here ψ f sc are fermionic operators ("quarks") with the "flavor" index f = 1, 2, 3, the "spin" index s = 1, 2 and the "color" index c = 1, 2, . . . , N c . They obey the standard anticommutation relations
The Hilbert space of states can be constructed by acting with the operators ψ + f sc on the "vacuum" |0 obeying the condition
The SU (2) spin ⊗SU (3) fl symmetry allows the following choice of the tensor V
and b mn are arbitrary coefficients. With this choice of V we have
Exact solution of the toy model
Note that the pair of indices
can be considered as an SU (6) multiindex. As shown in Appendix A, the fermionic realization of the SU (6) Casimir operator is
Let us define the "fermion number"
"spin"
and "flavor" generators
Now the Hamiltonian can be rewritten in the form
This expression solves the problem of the diagonalization of the Hamiltonian. Indeed, all operators appearing here,
commute with each other. We are interested in the "baryonic" color-singlet states containing N c quarks
For these states
The states (33) are totally symmetric in the SU (6) multiindices A k = (f k s k ) and correspond to the SU (6) irreducible representation of dimension
with the eigenvalue of the Casimir operator
This irreducible SU (6) representation has the following SU (2)⊗SU (3) reduction
where the SU (2) spins J (k) are given by
and the p (k) , q (k) parameters of the SU (3) irreducible representations are
For the squared spin operator we obviously have
Using eqs. (7), (38), (39), we obtain
Now we find the spectrum of energies of the toy model inserting eqs. (34), (36), (40), (41) 
If we concentrate on the states with
), then the large-N c structure of this exact result is as follows
where
The spin J (k) (38) and the SU (3) representations (p (k) , q (k) ) (39) of states, appearing in the spectrum of the toy model, coincide with the quantum numbers (13) of the nonexotic ξ = 0 states in the rigid-rotator model. Moreover, the J In the previous section we extracted the 1/N c -expansion (43) of the spectrum of the toy model directly from the exact solution (42). On the other hand, it is instructive to construct the systematic 1/N c -expansion and to apply it to the toy model without using the exact solution.
One way to construct the 1/N c -expansion is to use the traditional operator approach. Then one arrives at the large-N c versions of the well known Hartree and RPA equations which are briefly described in Appendix B.
Alternatively one can derive the 1/N c -expansion using the path integral approach. One starts from the Lagrangian corresponding to the toy model Hamiltonian (15)
Here we use the compact multiindex notation (24). The next step is to bosonize the 4-fermionic interaction, introducing the auxiliary variable π AB :
Integrating out the fermion variables ψ,ψ + we arrive at the effective action
In the large-N c limit we can use the saddle point (mean field) approximation. The saddle point equation is nothing else but the Hartree equation. The singleparticle fermion states φ (n) are determined by the equation
and the static "mean field" π AB must obey the equation
where the summation runs over the occupied single-particle states φ (n) . In principle, eqs. (50), (51) have many solutions describing various branches of the spectrum of our model. We are interested in the solution corresponding to the baryonic states (color-singlet states with N ψ = N c ). In order to construct this solution, let us make use of the analogy with the large-N c baryons in QCD. In QCD the large-N c baryons are described by the mean-field solution of Hartree-like equations of some (unknown) effective theory. This solution violates both the flavor group SU (3) fl and the group of spin-space rotations SU (2) ∼ SO(3). However, the mean-field solution corresponding to the large-N c baryons is invariant under combined space-flavor SU (2) rotations.
In the toy model we are also interested in the solutions of eqs. (50), (51) which are invariant under combined spin-flavor SU (2) rotations. Let us introduce projectors P (k) (k = 1, 2, 3) compatible with this spin-flavor symmetry:
Using compact multiindex notation (24) we can write
The dimensions of these projectors can be read from their traces:
Now we can write the decomposition
Since the P (k)
AB are projectors, the coefficients ε k of this decomposition coincide with the single-particle energies in eq. (50).
We are interested in the baryonic states which correspond to occupying one level with N c quarks. The one-dimensional projector P (2) is a perfect candidate for this occupied level. Therefore we take in eq. (51) n: occ
Since the projector P
AB is one-dimensional, the sum in the LHS contains only one occupied level:
Now equation (51) leads us to the following result
In the leading order of the 1/N c -expansion the Hartree energy is given by
Using eqs. (59), (61) we can reduce this to
BA .
With the explicit expressions for V A ′ B ′ |AB (18) and for P (2) (53) we easily find
This coincides with the leading O(N c ) part (44) of the exact solution (43). According to eqs. (55), (58) the single-particle energies are given by the following expression
Using the explicit expressions for P (k) and V we find
In the absence of the harmonic excitations, the O(N 
where the summation runs over the single-particle occupied states ε m and nonoccupied states ε i with the weights corresponding to their degeneracy. In our case, the degeneracy of non-occupied levels ε 1 and ε 3 is 3 and 2 respectively, whereas the occupied level ε 2 is not degenerate. Therefore we find from eqs. (66), (67), (68), (69)
This result agrees with the expression for E 0 (45) obtained from the exact solution.
6 Rotational excitations in the 1/N c -expansions
As mentioned above, the mean field solution π AB (61) violates both SU (2) spin and SU (3) fl symmetries but is invariant under combined spin-flavor SU (2) rotations. Therefore the systematic 1/N c -expansion should involve the correct treatment of the collective coordinates corresponding to the rotation of the mean field. Since the spin rotation of the mean field is equivalent to the flavor rotations, it is enough to consider only the SU (3) flavor rotations. The invariance of the mean field under the λ 8 transformations leads to the J 8 constraint (4). The dependence of the energy on the spin J appears in the order O(N −1 c ) and has the form
where I = O(N c ). In the framework of the systematic 1/N c -expansion the "moment of inertia" I can be computed using the equation
(72) Here S is the matrix (B.17) entering the large-N c RPA equation (B.15). Strictly speaking, matrix S is degenerate so that expression (72) has to be rewritten in a more careful form. The details can be found in Appendix D where eq. (72) is applied to our toy model. The resulting expression for I is given by eq. (D.5)
Inserting this expression into eq. (71) we obtain
which agrees with the N 
Problems of the rigid-rotator approximation
The above calculation of the moment of inertia I required the knowledge of the RPA matrix S. The detailed description of this matrix is given in Appendix B [see eq. (B.18)]. If one omits the direct V contributions in eq. (B.18) then one arrives at the following approximation for S
We stress that this approximation is not justified by the large-N c limit. Inserting this approximate expression into eq. (72) one obtains the Inglis expression for the moment of inertia [15] 
This expression can be also "derived" in the rigid-rotator if one concentrates only on the rotational degrees of freedom instead of the systematic 1/N cexpansion. In this way one arrives [16] at the matrix
Here the occupied state i is associated with the projector P (2) whereas the nonoccupied states m correspond to the projectors P (1) , P (3) . Due to the SU (2) spin-flavor symmetry of the mean field, the matrix I ab is diagonal:
The transition ε 2 ↔ ε 1 in eq. (77) contributes to the moment of inertia I 1 , whereas the transition ε 2 ↔ ε 3 generates I 2 . We find from (77):
which results in
In the rigid-rotator approximation the spectrum of low lying O(N −1 c ) excitations is described by the formula (12)
This expression has the same structure as the formula (71) derived in the systematic 1/N c -expansion. However, comparing the rigid-rotator moment of inertia I 1 (81) with the correct expression I (73), we see that the rigid-rotator approximation gives a wrong result:
The reason is obvious: approximation (75) is not justified by the large-N c limit.
Since the Inglis formula fails already in the nonexotic sector of O(N −1 c ) excitations, there is no sense to discuss the results based on the Inglis expression for I 2 . Moreover, as mentioned above, the ξ = 0 states of the rigid-rotator Hamiltonian (1) are simply absent in the spectrum of the exact solution.
Actually the problem with the Inglis moment of inertia (84) is independent of the problem of exotic states. The discrepancy (84) occurs also in the case of the toy model with the SU (2) flavor group (see Appendix E).
Conclusions
We have described an exactly solvable toy model which imitates the spin-flavor symmetry of large-N c baryons. We have shown that in the large-N c limit this model is described by a mean field solution whose spin-flavor symmetry coincides with the symmetry of the large-N c baryons in QCD. Using this mean field solution as a starting point for the systematic 1/N c -expansion, we have computed the energy spectrum in the first three orders of the 1/N c -expansion. The results of the 1/N c -expansion are in complete agreement with the exact spectrum of the model.
We have also tested the validity of the rigid-rotator approximation using the saddle point solution. The results coming from the rigid-rotator approximation are rather disappointing. The effective rotational Hamiltonian derived in the context of the rigid-rotator approximation allows for exotic baryonic states which are absent in the exact solution of the model (in the systematic 1/N cexpansion the exotic states do not appear either).
The rigid-rotator approximation also has problems in the nonexotic sector. Although the rigid-rotator approximation predicts the correct quantum numbers for the nonexotic low-lying O(N −1 c ) baryonic excitations, the values of the energy coming from the rigid-rotator approximation are wrong. The comparison of the rigid-rotator approximation with the systematic 1/N c -expansion allows us to detect the origin of the problem: the rigid-rotator approximation leads to the Inglis formula which ignores the quadratic form of fluctuations around the mean field. On the contrary, the calculation of the rotational spectrum based on the systematic 1/N c -expansion requires the knowledge of the coefficients of the RPA equations which contains information about the quadratic form of fluctuations.
Although our model reproduces the main symmetries of QCD, at one point there is an important difference: the absence of the exotic states in the toy model is simply a model artefact: the "baryonic" states in the model contain only N c quarks above the bare vacuum. This leaves no possibility to have extra quark-antiquark pairs which could generate exotic quantum numbers. In QCD the situation is different: the existence of exotic states is allowed. However, the question is whether the rigid-rotator approximation can correctly describe the exotic states if they exist in QCD. Our analysis of the toy model raises doubts about the relevance of the rigid-rotator approximation at two points.
In the exotic sector the problem is that the structure of the effective Hamiltonian "derived" in the rigid-rotator approximation is the same as in QCD. If one stays in the framework of this Hamiltonian (without knowing the original theory in which it was derived) then it is impossible to decide whether the exotic states described by this Hamiltonian should be taken seriously (like in QCD) or not (in the toy model).
The second problem is the failure of the rigid-rotator approximation in the nonexotic sector. Using the toy model, we have explained the origin of the problem and have shown how it can be solved in the systematic 1/N c -expansion based on the RPA-like equations. Obviously this explanation is much more general than the context of the toy model.
Our toy model imitates the strict chiral limit of QCD. In the real world the situation is more difficult: one has to deal with the simultaneous expansion in two small parameters, m (quark mass matrix) and 1/N c . The failure of the rigid-rotator approximation in the m = 0 case raises doubts also about the relevance of this approximation for the m = 0 case. A SU (6) Casimir operator
In this appendix we derive expression (25) for the SU (6) Casimir operator. The N 2 − 1 generators t a of SU (N ) can be normalized by the conditions
In the case of SU (6) the last relation results in
Therefore the fermionic realization of the SU ( B Hartree and RPA equations in the context of the 1/N c -expansion
In this appendix we describe the general structure of the 1/N c -expansion for fermionic systems with pair interaction. Here we consider a system of fermions with the Hamiltonian
without specifying the precise form of the coefficients V A1A2A3A4 and of their indices A k . We assume that
At large N c the energy E of the low-lying states can be expanded as follows
In the leading order of the 1/N c -expansion the ground state energy is given by the Hartree approximation:
BA is the projector on the single-particle occupied states φ
which can be found by solving Hartree equations:
In order to find the O(N Here indices i, j correspond to occupied Hartree states whereas indices m, n stand for the nonoccupied states.
and we use the notation
Although equations (B.10), (B.11) are quite similar to the standard RPA equations (see e.g. Ref. [17] ), eqs. (B.10), (B.11) have several different features. First, the color indices do not appear in our equations. Second, we have dropped those terms of the standard RPA equations whose contribution is 1/N c suppressed. Next, our RPA equations are formulated in terms of the Hartree and not Hartree-Fock occupation picture (the Fock term is a 1/N c -correction which can be treated separately).
The RPA equations (B.10), (B.11) can be written in a compact form
Using (B.12) and (B.13) we find
Once the RPA equations (B.10), (B.11) are solved, the energy of the low lying harmonic excitations is given by the expansion (B.5) with
In the RHS the summation runs over the positive RPA frequencies Ω ν > 0 (if any). The harmonic excitations are parametrized by the integer numbers n ν = 0, 1, 2, . . . This expression for E 0 includes several contributions. In addition to the pure RPA term it contains the Fock contribution and the correction corresponding to the fact that our Hamiltonian (B.1) is not normally ordered. In the case of the baryonic states of the toy model (15) all RPA eigenfrequencies Ω ν vanish (see Appendix C) so that the harmonic excitations are absent. Therefore the O(N 0 c ) correction to the energy of the ground state has the simple form (69).
C RPA equation in the toy model
In this appendix we describe the structure of the RPA equation for the baryonic states of the toy model (15) . In the Hartree picture for these states we have one occupied nondegenerate level (67) and two nonoccupied levels (66), (68) with degeneracies 3 and 2 respectively. This structure of the levels can be easily understood in terms of the unbroken spin-flavor SU (2) symmetry. The generators of this symmetry are
where J a is spin and T a is isospin. The occupied state has K = 0, whereas the nonoccupied levels have K = 1/2 and K = 1 with the corresponding degeneracies 2K + 1. The RPA equation also can be split in two sectors corresponding to K = 1/2 and K = 1. The nontrivial part of the RPA equation corresponds to the K = 1 sector. The RPA matrix S can be computed using the general expressions (B.18), (B.14), the explicit form of V A1A2|A3A4 in the toy model (18) and the results for the single-particle levels (66), (67). In the K = 1 sector the RPA matrix S looks as follows
2)
The precise form of this matrix depends on the phase conventions for the singleparticle states. We fix the phases using the condition 
D Rotational excitations in the toy model
In this appendix we compute the moment of inertia which determines the spectrum of rotational excitations of baryonic states in the toy model (15) . The J-dependent part of the E −1 contribution to expansion (B.5) can be computed using the following expression for the moment of inertia entering eq. 
